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Abstract. An elastic model for a cylindrical dilatational inclusion of annular-sector cross-section in an infi-
nite elastic medium is considered. The stress fields are found in a closed analytical form and are illustrated
by stress maps. Specific features in the stress distribution are revealed and discussed in detail. It is shown
that the stress magnitude can be so high that various mechanisms of stress relaxation can be activated.

1. INTRODUCTION

The study of inclusions is of significance to the devel-
opment of advanced materials for aerospace, marine,
automotive and many other applications [1]. This is
because the presence of inclusions in materials affects
their elastic fields at the local and the global scale and
thus greatly influences their mechanical and physical
properties. Since the pioneering work on an ellipsoidal
inclusion in an infinite space [2], extensive research
has been devoted to this area.

Analysis of elastic strains induced by misfitting
inclusions in an infinite or semi-infinite elastic me-
dium is a fundamental physical and engineering prob-
lem [3]. It has been originally done within the context
of thermoelasticity and mechanics of solids [4-7]
and then in seismology and geophysics [8—11]. Re-
views of earlier research on this subject can be found
in Refs. [12,13].

Nowadays, in parallel with further efforts on
searching new solutions for inclusions and inhomoge-
neities of various shapes in different media within the

mechanics [1,3,14], much attention is paid to their ap-
plications in materials science [15,16] andsolid-state
physics [17] with special focus on structural and func-
tional nanocomposites [18] and nanoheterostructures
for electronics, optoelectronics, photonics, etc. [19]. In
particular, of great interest are the inclusions of the
shape different from the well-known classical cases of
spheroidal, ellipsoidal, cuboidal, cylindrical, polyhe-
dral and prismatic shapes. For example, polyspherical
[20], toroidal [18,21], truncated spherical [22] and
truncated cylindrical [23] inclusions have been inves-
tigated in recent years. In due course of this trends, we
suggest in the present paper a solution for a cylindrical
dilatational inclusion of annular-sector cross-section in
an elastic infinite medium. The solution has been
found by simple integration of the solution for an infi-
nite dilatational line (i.e., a straight line subjected to
3D dilatational eigenstrain [24]) over the cross-section
area of the inclusion. We show and discuss the stress
fields of the inclusion as well as some possible mech-
anisms of their relaxation through generation of vari-
ous defect configurations.

Corresponding author: Zh.V. Gudkina, e-mail: gudkinazhanna@mail.ru

© ITMO University, 2021


mailto:gudkinazhanna@mail.ru

Zh.V. Gudkina, S.A. Krasnitckii and M.Yu. Gutkin

2. MODEL

Consider an elastic model for a cylindrical dilatational
inclusion of annular-sector cross-section (Fig. 1) in an
infinite medium (matrix). Let the inclusion occupy a
domain (a<r<b,0, <p<0,, —o<z<ow) and its
elastic constants be isotropic and equal to those of the
surrounding matrix. The inclusion domain is a subject
of a 3D homogeneous dilatational eigenstrain &".

To obtain the stress fields due to the inclusion, we
can use the corresponding stress fields of a dilatational
line (Fig. 1a) in polar coordinates (r, @), which have
the following form [24]:
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where a=Ge(l+v)/(1-v), G and v are the shear
modulus and the Poisson ratio, respectively, 7, and 6
are the polar coordinates of the dilatational line, s is an
infinitesimal parameter corresponding to the cross-
sectional area of the dilatational line.

With Egs. (1), the stress fields created by the inclu-
sion are determined by integrating the stress fields of
the dilatational lines continuously distributed with the
constant density p =1/s over the inclusion area S:
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Substitution of Egs. (1) to Eq. (2) gives the integral
representation of the inclusion stress fields as follows:
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After analytical integration, these stress compo-
nents take the following closed form:
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Fig. 1. Elastic models in polar (r, @) and Cartesian
(x, y) coordinates: (a) a dilatational line in an infinite
medium, (b) a dilatational line and a cylindrical dilata-
tional inclusion of annular-sector cross-section in an
infinite medium.
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(a) (b)

Fig. 2. Stress maps of a cylindrical dilatational inclusion of annular-sector cross-section (a <r < b(=2a),
—-n/8<@<m/8) in an infinite homogeneous elastic medium: (a) o,,, (b) 5,,, (¢) ,,, and (d) c_.. The stress
values are given in units of a. The green line shows a cross-section of the inclusion.
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where H () is the Heaviside function.

3. RESULTS

Fig. 2 shows the maps of the nonvanishing stress com-
ponents caused by the inclusion with the cross-section
domain (a<r<b(=2a),-n/8<¢p<mn/8) high-
lighted by the green contour.

As is seen from Fig. 2, the maps of normal stress

components G,., ¢, , and ¢_ are symmetric with re-

spect to the x-axis, i);hile that of the shear stress o, is
antisymmetric. Fig. 2a shows that the radial stress o,
is continuous at the interfaces » = a and r = 2a. For a
positive value of ¢, the highest tensile radial stress
(G, mx = 2.50) is achieved in the matrix near the left
vertices (x = 0.9a, y = £0.4a) of the inclusion, while
the highest compressive radial stress (G, ., = —4a) is
achieved in the inclusion near its right vertices
(x =1.85a, y = £0.8a). For an exemplary set of mate-
rial parameters, ¢ = 0.01 and v = 0.3, the value of o is
roughly o~ G/54 that gives o, . ~G/22 and
G, mn = —G/14. These stress levels are obviously very
high. It is of interest that they occur at the flat segments

of the interface, which could hardly be predicted.
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Figure 2b shows that the hoop stress o, is contin-
uous at the interfaces ¢ =+n/8. When eigenstrain
¢ is positive, the highest tensile hoop stress
(G goma =~ 201) 1s reached in the matrix near the curved
segments of the interface, while the highest compres-
sive hoop stress (G, .;, ¥ —4a) is reached in the inclu-
sion near the same curved segments of the interface.
At oo~ G/54,0ne can estimate o, .. ~G/27 and
Cpomn ~ —G/14. These are very high stress levels. In
contrast to the case of radial stress, these extremal
stress levels are characteristic for the curved segments
of the interface.

It is seen from Fig. 2c that the shear stress o, is
continuous across all segments of the interface and has
singularities at the inclusion vertices as is the case with
similar inclusions of rectangular cross section within
the classical linear elasticity [25]. One can deal with
this classical singularity using, for example, strain-gra-
dient elasticity theory [26]. Nevertheless, the inclusion
vertices remain the points of shear stress concentration
even in the latter case. It is of interest here, that in the
case of partially curvilinear interface, the stress gradi-
ent is higher in vicinity of the left vertices than in vi-
cinity of the right ones. Therefore, the right vertices
bounding the longer curved segment of the interface,
can be considered as stronger stress concentrators than
the left vertices bounding its shorter curved segment.

Fig. 2d demonstrates that the axial stress ¢__ is con-
stant and equal to —2ma (for o ~ G /54 this gives the
extremely high compressive stress 6 = G/9) inside
the inclusion and equal to zero in the matrix. For the
hydrostatic stress component 6 =, /3 =2c_ /3, this
provides a similar well-known result that ¢ is constant
inside the inclusion and equal to zero outside, which is
true for any shape of the inclusion placed in an infinite
matrix [2].

Based on the aforementioned features in the stress
field distribution inside and around the inclusion, one
can expect that the most probable channels of the stress
relaxation can be generation of either (i) prismatic dis-
location loops of arbitrary shape inside the inclusion in
its cross section or (ii) dipoles of edge dislocations
emitted by the right vertices of the inclusion and glid-
ing along the straight segments of the interface in such
a way that one of these dislocation would stop near the
zero-value contours of the shear stress ,, at the inter-
face (see Fig. 2c), while the other one would stop
somewhere in the matrix in vicinity of the point of its
emission. A quantitative description of these mecha-
nisms requires a special theoretical examination simi-
lar to those given recently in Refs. [27, 28].

4. CONCLUSIONS

The stress fields caused by a cylindrical dilatational in-
clusion of annular-sector cross-section in an infinite
elastic medium are found in a closed analytical form
by simple integration of the well-known stress fields
of a dilatational line over the inclusion cross-section
area. The solution found is illustrated by maps of all
non-vanishing stress components that allow to reveal
new interesting features in the stress distribution inside
and outside the inclusion. It is shown that, in the ex-
emplary case of a positive eigenstrain of the inclusion,
(i) the radial stress achieves its extremal values at the
flat segments of the interface, the highest tensile stress
in the matrix near the vertices restricting the shorter
curved segment of the interface, while the highest
compressive stress in the inclusion near its vertices re-
stricting the longer curved segment of the interface;
(ii) the hoop stress reaches its extremal values in the
central regions of the curved segments of the interface,
the highest tensile stress in the matrix, while the high-
est compressive stress in the inclusion; (iii) the shear
stress is singular at the inclusion vertices and the shear
stress gradient is higher in vicinity of the vertices re-
stricting the shorter curved segment of the interface,
than in vicinity of the vertices restricting its longer
curved segment; (iv) both the axial and hydrostatic
stresses are constant inside the inclusion and equal to
zero in the matrix; (v) for reasonable values of the
model parameters, ¢ =0.01 and v=0.3, the stress
magnitude can reach rather high levels from G /27 to
G /9 depending on the stress component. Based on the
results listed above, one can conclude that suitable the-
oretical models for stress relaxation in/around the in-
clusion are highly desired.
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